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Recent experiments renewed interest in persistent currents in mesoscopic normal-metal rings. We show that 
in ballistic rings in high magnetic fields the Zeeman splitting leads to periodic current quenching with period 
much larger than the period of the persistent current. Simple arguments show that this effect might be relevant 
for diffusive rings as well. Another aim of this paper is to discuss fluctuations of the persistent current due to 
thermal excitation of high energy levels. Being observed such fluctuations would witness a coherent state of an 
electron system at high temperatures when the persistent current is exponentially suppressed. 
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I. INTRODUCTION 

Recent experiments''^ renewed interest in persistent cur- 
rents in mesoscopic normal-metal rings. The existence of non- 
decaying (persistent) currents in rings pierced by a magnetic 
flux was predicted for ballistic^ as well as for more realis- 
tic rings with elastic scattering"*. Experiments using ballistic 
rings^'^ agree well with theoretical predictions^-^. In contrast 
diffusive rings provide a longstanding challenge due to an ap- 
parent disagreement between experiment and theory. The ex- 
periment finds*^""^ a current a few order of magnitude larger 
than the theory" based on a model of non-interacting diffu- 
sive electrons. More refined theory, for example accounting 
for electron-electron interactions'^''^, could not remove this 
disagreement. However the new experiments'-^ made with the 
help of more sensitive techniques showed an amassing agree- 
ment with predictions of the non-interacting theory ' ' includ- 
ing Zeeman splitting and spin-orbit scattering'"*. In the recent 
experiment of Bleszynski-Jayich et al. ' this agreement is pos- 
sible a consequence of the high magnetic field that penetrates 
the ring and that suppresses weak localization and related in- 
teraction effects. The good agreement opens the door to use 
persistent currents as a tool to provide direct information on 
the quantum state of closed systems of electrons. The excel- 
lent agreement reinforces us that the theory of non-interacting 
electrons remains a powerful theory in mesoscopic physics. 

In the case of difflisive rings the quantity which is usually 
discussed is a typical persistent current, a square root of a 
mean square current. In theory averaging is performed over 
disorder potentials. In experiment averaging is performed 
over a relevant interval of magnetic fields. This averaging is 
over static fluctuations similar in nature to the universal con- 
ductance fluctuations ''' '^. However there are also intrinsic 
fluctuations (time-dependent noise) of persistent currents at 
zero temperatur»iSi2^ as well as at finite temperatures22sS. 

One aim of this paper is to present a short survey of the 
theoretical results on intrinsic persistent cuiTent fluctuations. 

The other aim of this paper is related to an interesting ef- 
fect found in the experiment by Bleszynski-Jayich et alX: 
The persistent cuiTent is quenched periodically with increas- 
ing magnetic field, see Fig. IE in Ref. [ij. The corresponding 
period, AB ~ 0.3 T, is close to a magnetic field increment 



ABz necessary to increase the Zeeman splitting of the order 
of the Thouless energy Ejii- For a diffusive ring of length 
L we have Ejh - Tt^fiD/L^ with D the diffusion constant." 
For typical rings' parameters of Ref. [ll, L ~ 2000 nm and 
D ~ 270 cm^s the Thouless energy corresponds to a temper- 
ature Tti, - Erh/kB ~ 0.5 K, with ks the Boltzmann con- 
stant. With this we find ABz = ETh/igMs) ~ 0.37 T where 
we have used the gyromagnetic ratio g = 2 and the Bohr mag- 
neton = efililntg) calculated with the free electron mass 
m,,. Since AB » ABz, one can conjecture that the periodic 
increment of Zeeman splitting by the Thouless energy results 
in periodic persistent current quenching. It can be understood 
as follows: In the diffusive ring of length L with transverse 
channels and an electron mean free path I one can aiTange 
levels into groups containing Ng/f - Nl/L coiTelated levels 
for each spin direction. Each such a group spans an energy 
window of order the Thouless energy Eth- With increase of 
magnetic field the relative position (in energy) of spin-up and 
spin-down level groups is varied with period ABz due to Zee- 
man energy. This results in a corresponding periodicity of 
the persistent current magnitude. How this mechanism works 
precisely we show for a single channel ballistic ring when the 
Thouless energy equals the level spacing A^ near the Fermi 
energy and the effective number of channels is Ne/f = 1. 

The paper is organized as follows: In Sec.|II]we explore the 
effect of a high magnetic field onto the persistent current in 
ballistic rings. We show that the fluctuations in spin subsys- 
tem, taking place at some particular magnetic fields, dramat- 
ically reduces the persistent current magnitude at finite tem- 
peratures. Then in Sec.|lll]we discuss fluctuations of the per- 
sistent current in a single ring due to coupling to a thermal 
bath. We conclude in Sec.lIVI 



II. EFFECT OF ZEEMAN SPLITTING IN BALLISTIC 
RINGS 

The magnetic field B has a twofold effect. First, it produces 
an Aharonov-Bohm (AB) magnetic flux^"* through the ring. 
This results in a periodicity of the free energy with magnetic 
field with period ABab - <to/5', where (to = h/e is the mag- 
netic flux quantum and S is the area enclosed by the ring,— 
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This periodicity is due to intersections (direct or avoided- 
crossing) of an electron spectrum sub-bands corresponding to 
different orbital moments. We assume that a reservoir keeps 
the system in the energetically most favorable state. 

Second, the Zeeman splitting, which increases with B, leads 
to intersections of energy levels of electrons with spin up (t) 
and spin down (X). 

If the spin-flip processes are present in the ring, then the 
number of electrons with spin directed along (opposite to) the 
field will change as the field is varied. This also results in 
oscillations of the thermodynamic quantities as a function of 
the magnetic fields but with a period ol^^ 



ABz = 



(1) 



For a ring with many electrons this period is much larger than 
the period of AB oscillations. 



A. Model 



magnetic field. The chemical potential is positioned in the 
middle between electron levels of the ring in zero magnetic 
field. Then with increasing B energy levels for spin up elec- 
trons will decrease while the ones for spin down electrons will 
increase. When some unoccupied level sinks below /jq one 
electron with spin up enters the ring. Similarly, when some 
occupied level rises above /io one electron with spin down es- 
capes to the reservoir At chosen yUo both crossings take place 
at the same magnetic field. Hence the number of electrons in 
the ring remains fixed, that is the case for isolated rings used in 
experiment, while one spin is flipped. To forbid charge fluctu- 
ations in the ring at finite temperature we additionally assume 
that the change of the particle number in the ring costs a large 
Coulomb energy Ec - 
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B. Main equations 

To describe a system of A^^, » 1 non-interacting electrons 
in ID ballistic ring we use the Luttinger liquid model2^ with 
the Lagrangian in a bosonic form^, 



We consider a one-dimensional (ID) ballistic ring with 
non-interacting electrons in a perpendicular magnetic field. 
Fig. [1] Our calculations do not apply to diffusive rings and 
thus do not describe quantitatively the results of experiments 
by Bleszynski-Jayich et alX. 

In real diffusive rings there is an additional effect which 
arises from the magnetic field penetrating the ring and chang- 
ing the ring orbital wave functions. This effect can be ex- 
pected to be periodic with the period required by increasing 
the flux into the sample by one flux quantum. Typically to see 
the Aharonov-Bohm flux period in a ring the ratio of the rings 
hole to the surface of the ring must be large. The interplay of 
these two orbital periodicities might also lead to quenching of 
the persistent current. 

To model the presence of spin-flip processes we adopt the 
fictitious reservoir model introduced in Ref. H^- In our case 
it is a fictitious reservoir of spin excitations. We assume that 
the ring can exchange electrons with a reservoir having con- 
stant chemical potential jUq independent of both the spin and 




FIG. 1 : One-dimensional ring pierced by the magnetic field B with 
persistent current /. The hatched plane represents for a reservoir of 
spin excitations which is uniformly coupled to the ring. 
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Vf 



80, 
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(2) 



where Vf is the Fermi velocity. The fields Op and O^r de- 
scribe charge and spin excitations with density p,(t,x) = 
-\/l/7:ddj^/dx and flow j,{t,x) = V 1 dO;^ / dt, respectively. 
The total number of electrons in the ring is Ne = Ni + Ni = 

pp dx + No with A^o - No\ + Noi the number of elec- 
trons in the ground state, i.e., at zero temperature and at 
B - 0. CoiTespondingly, the number of spin excitations is 

No- = - Ni = J^^pir dx + Mkr, where A^o,t = A^ot - M)i de- 
scribes the spin polarization of the ground state. In our model 
we have Noa- = 0. 

The presence of a magnetic field B results in the Aharonov- 
Bohm phase and in the Zeeman energy. The effect of the AB 
phase due to a magnetic flux <i> - BS through the ring is de- 
scribed by the Lagrangian^ii^ 



(3) 



where L - yAnS is the circumference of the ring. The topo- 
logical numbers are kjp = kji + kji and kja- - kj^ - kj[. The 
spin-resolved topological numbers depend on the parity of the 
number of electrons in the ring: kj^/i - (1) if Ni/i is odd 
(even). The Lagrangian, Lz which takes into account the Zee- 
man energy reads. 




Lz = subB '■ 



(4) 



The particle exchange with a fictitious reservoir is described 
as followSi^ 



(5) 
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At Ec — > oo the number of electrons (i.e., the charge) in the 
ring is frozen while the spin exchange with the reservoir is 
allowed. 

With these Lagrangians we calculate the Euclidean action, 



L p 





dr [Lll + Lab + Lz + L,,^ 



(6) 



where t - it is an imaginary time and /? = ft/iksT) with T 
temperature. 

Then we calculate the partition function Z as the path inte- 
gral over the fields Op and 6a-, 



(7) 



The partition function defines the thermodynamic potential 
Q = - ksT InZ, which in turn defines the persistent current,— 



do. 



(8) 



On a ring the fields Op and Oa- obey the following twisted 
boundary conditions^i^ 



1 



—p Opij + k2/3, x + kiL) 



— Op{T,x) 



1 

+k2np + ki {inip + ^Mp) 



(9) 



9a-{T + k2/3,x + kiL) 



1 



+k2ncr + ki {Inicr + kma-) 



where ki, k2, rip^a-), and OTp(o-) all are integers. Moreover, 
both Hp and Hq- (and accordingly iiip and nicr) have the same 
parity. The topological numbers are kmp = ^mt + ^mi and 
^Mo- = ^MT ~ ^Mi- The spin-resolved topological numbers 
kMyi characterize the parity of the number of additional (over 
the ground state number) electrons in the ring. In combination 
with previously introduced topological numbers kj^/i (depen- 
dent on the parity of the total number of electrons) one can 
relate them to the parity of the number A^ot /i of electrons in 
the ground state in such a way that kMi/i = kj^/i if A^oT/i is 
odd and ^mt/X = (kjui + 1) mod 1 if A^or/i is even,^ 

Since the Lagrangian under consideration is quadratic in 
the fields Op/g-, the extremal trajectories obeying the boundary 
conditions (|9]l and determining the flux-dependent part of the 
partition function Z = AZ(<^) are linear functions of both x 
and t: 



O'pfjT, x) = |(2mp/<^ + kMpia) ^ + np/<r ^1 • (10) 

The measure DOpDOa- in Eq. O includes the summation 
over Hpicr and mp/^- that defines Z(<S>). The integration over 



fluctuations of fields Opi^ defines a magnetic-flux independent 
constant A. 

Since in the ground state the system under consideration is 
non-magnetic, A^qt = -^oi, then A^o is even. We calculate Z(<1)) 
for NQ-An + 2, where n is an integer. In this case we findr^ 



Z((D) = ^ii^fAB, q) 0/(0, q) Oii 1 , qc) 0/(2^z, q) , 



(11) 



where (fAs = O/Oo = B/ABab, <Pz = B/ABz, q - e *f , 

qc — e , and 0,(v, q) are the Jacobi theta functions, see, 
e.g.,Ref.[3l 



ei{v,q) 
92(v,q) 

03(v,q) 
04(v,q) 



2^ J^(- !)"/<"+" sin[(2« -I- l)7Tv] 

oo 

2^^^"^"+'^ cos[(2n-H l)7rv], 

CO 

1+2 ^ q" cosilnnv) , 

n=l 
oo 

1 -h2^(-1)"/' cos(2n7rv). 



(12) 



Note, that the partition function for A^o - 4n can be deduced 
from that for A^o = 4n -H 2 by changing tpAB — > ^Pab -1-1/2. 

The magnetic field B enters Q(<1>) in a twofold way. First, 
it does through the parameter (Pab that causes conventional 
AB oscillations with period ABab- Second, it does through 
the parameter tpz that also causes oscillations of the thermo- 
dynamic potential, hence persistent current oscillations, with 
period ABz- The ratio of corresponding periods can be repre- 
sented as follows: 



ABz 

ABa, 



Ap_ 
Azo ' 



(13) 



with Azo - gl-iB't>()/S the Zeeman splitting at the magnetic 
field producing one magnetic flux quantum through the ring's 
opening. 

Taking the gyromagnetic ratio g = 2 and assuming the car- 
rier's mass equal to a free electron mass, we find in the bal- 
listic case under consideration, ABz/ ABab - NqIA}^. The 
factor 1/4 reflects the well known parity effect^^'^' for spinful 
electrons. ForA^o ^ 1, the period of oscillations caused by the 
Zeeman splitting is much larger than the period of AB oscilla- 
tions. Therefore, the former eff'ect will result in a large-scale 
modulation (a beating) of the AB oscillations. 

In Fig.|2]we give the persistent current, Eq. dHJ, calculated 
using the partition function, Eq. ( fTTT i. The suppression of the 
persistent current / = /| -H occurs for magnetic fields at 
which the number of spin excitations in the ring, - N-\-Ni 
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temperatures. 



FIG. 2: Persistent current / in units of Iq = evf/L as a function 
of tiie magnetic flux O = S5. Tfie parameters are: ksT = 0.2Af, 
£, = lOAp, Azo = 0.04Af . 



changes. Strictly speaking at these fields No- fluctuates. Since 
the total number A^^ of electrons is fixed, it fluctuates by ±2. 
The numbers and Ni fluctuate by + 1 . Because of the parity 
effect, that results in fluctuations of an effective magnetic flux 
experienced by electrons by Correspondingly the cur- 

rents /| and Ii fluctuate such that the odd harmonics of their 
dependence on O vanish. Therefore, the Zeeman effect results 
in halving of the period of AB oscillations at some particular 
fields. With increasing temperature the higher harmonics de- 
cay faster and only the first one has noticeable magnitude. 
This is the reason why the period halving appears together 
with quenching of the current in Fig. |2l 

Note the mechanism of period halving we discuss here is 
different from the general one inherent to the system of elec- 
trons with spin discussed in Ref . 

So, quenching of the current in high magnetic fields (ac- 
cordingly to the mechanism presented here) does not mean 
that the persistent current is destroyed. And the subsequent 
revival of the current shows that the system remains phase- 
coherent. The high temperature may act similarly: It sup- 
presses a current leaving an electron system in the phase- 
coherent state that can be revealed with the help of persistent 
current fluctuations. 



Thermodynamic approach to persistent current 
fluctuations 



First we start from a two-level model which can be used to 
describe electrons in a ring at low temperatures. ^^'^^ Then we 
present calculations with the total spectrum taken into account 
that is necessary at high temperatures. 



1. Two-level model 

Here we follow Ref. 2 1 . Consider a temperature so low that 
only the first elementary excitation is important. In a canoni- 
cal system we have a probability that the system is in the 
ground state and p+ is the probability that the topmost elec- 
tron of the ground state has been excited into the first available 
state. The energies of the two states are. 



(14) 



and 



n=N-\ 



z 

n=l 



(15) 



We have assumed that there are spinless electrons. In the 
Boltzmann case we have p+ - (l/Z)e\p{-E+/(kBT)} and 
/:>_ - (l/Z)exp{-E-/{kBT)}. The normalization Z is deter- 
mined by the requirement that p+ + p- - 1, and thus 



(16) 



+ 1 



and 



III. THERMAL FLUCTUATIONS OF PERSISTENT 
CURRENTS IN BALLISTIC RINGS 

Due to influence of the thermal bath the persistent current 
fluctuates. The fluctuations, like the persistent current, exist 
only if the electron state is phase coherent. Any dephasing 
processes destroy both the persistent current and its fluctua- 
tions. However, investigating a temperature behavior of the 
persistent current only, it is difficult to say why it is destroyed, 
because of strengthening of decoherence processes with tem- 
perature or because of a mutual cancellation of contributions 
from thermally excited states. Therefore, detecting the ther- 
mal fluctuations of the persistent current could shed more in- 
sight onto the quantum state of electrons in a ring at non-zero 



P- = 



(17) 



e '«'■ + 1 



where AE - E+ - E^ - e^+x - £n- 

The currents in these two states are /+ = dE+ /50 and /_ - 
dE-ld(^. The average current in the two state approximation 
is 



</) = hp^ + I^p^ 



(18) 



Note that at low temperatures the excited state probabil- 
ity is exponentially small p+ - l/exp{A£'/(fcBr) + 1) a; 
txp{-AE l{kBT)]. Therefore the departure from the ground 
state is exponential. Of course here we assume that the levels 
are non-degenerate. If they are degenerate then p+ - p^ - 
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1 /2 which is for instance the case for a ballistic ring either in 
the center or at the boundary of the Brillouin zone depending 
on whether the particle number is odd or even. 
The mean of the square of the current is 

= + (19) 
and thus for the mean square current fluctuations we obtain 

{6f)^{h-l-fp^p-. (20) 

Note the that this expression is just what we expect for 
thermal fluctuations, since / - and p+ - 1 - / but 
of course here the p' s are not Fermi distribution functions. 
But it holds for the p' s like for the Fermi functions that 
fil-f) = -ksTdf /dE. We can make the following statement 
about the temperature dependence: if kgT < AE the temper- 
ature dependence is exponential: that is the mean square cur- 
rent fluctuations are exponentially small. If we are at a point 
of degeneracy then /+ - -I = /q and p+ - p^ = 1/2 and the 
mean square current fluctuations are 

= /o ■ (21) 

Note that in the two level approximation this represents an 
upper bound for the current fluctuations. For the ballistic 
ring at low temperatures the mean square current fluctuations 
should be a strongly varying function of flux (and temper- 
ature). Namely at the degeneracy points the above results 
should apply with a maximal fluctuations whereas away from 
the degeneracy points for kgT < AE the fluctuations remain 
exponentially suppressed, see a blue dash-dotted line in Fig. [3] 

In Ref. |2l] this model was used to discuss the case if the 
many-body quantum mechanical ground state of system and 
environment are entangled. In this case the current fluctua- 
tions persist down to zero temperature and provide entangle- 
ment information. 

To account for a high-temperature behavior we generalize 
straightforwardly a two-level model. 



2. Multi-level model 

Let us assume that we know the multi-electron spectrum 
Ek(^) for electrons in the ring threaded by the magnetic flux 
O and contacted with a thermal bath with temperature T. Then 
we can calculate the partition function (see, e.g., Ref.i39i). 

Z£i(«) 
, (22) 

k 

and the persistent current, /(O) = kBTdlnZ{(b)/d^. It is 
easy to see that the current /(O) can be represented as an 
average of currents supported by individual levels, 4(<I)) - 



-dEk((S>)/d(b, found with the help of the Gibbs distribution 
function, Wk(^) = Z((B)-' exp{- Ek/(kBT)} : 

1(0) = {1} = 24(<l))w,(0). (23) 

k 

By analogy we define the mean square current fluctuations as 
follows: 

(df) ^ Yj^hm-imf mm. (24) 

k 

Using Eqs. (|22]) - (l24l i. after a little algebra, we can connect 
the fluctuations and the persistent current, 

(25) 

k 

Since we did not use the explicit expression for the multi- 
particle spectrum ^^(O), the equations given above are valid 
for rings with either fixed number of electrons (canonical 
case) or fixed chemical potential (grand canonical case)i^ 
Also they are valid for rings with disorder and with interac- 
tions. 

At low enough temperatures only two lowest levels, say, 
A: = 0, 1, matter and we recover a two-level model with wq = 
P- and wi = p+. 

3. Fluctuations for non-interacting electrons with fixed chemical 
potential 

In the particular case of a ring exchanging with a bath 
both energy and particles, the occupation of single-particle en- 
ergy levels e„(<I>) are given by the Fermi distribution function 
/o(en) with a bath temperature T and chemical potential ^. 
In this case averaging over the multi-particle spectrum Ek{<S>) 
with the Gibbs distribution function Wk('t>) is identical (for 
non-interacting particles) to averaging over the single-particle 
spectrum e„(<l>) with the Fermi distribution function /o(e„). 
Therefore, instead of Eqs. (|23] | and (l24l i we can write, 

/(<D) = </) = J]/„(0)/o(e„), (26) 

n 

{df) = - mf Men) , (27) 

n 

where /„(<!)) = -5e„(<l))/50 is a single-electron current. Then 
using Eq. ( |25] | with y = 2« 5^e„/5<l)^/o(e„) we find: 

{6f)^Yj'n^^^^^-^^^^ (28) 
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where 6N^j((^) - /o(e„)[l - fo{e„)] is the mean square fluctua- 
tions of the occupation number of a level with energy e„{^). 

In a ring with many electrons, yU » , we can simplify 
Eq. ( l28l l noting that only the levels close to the Fermi energy 
contribute to fluctuations (we assume fi » ksT). For these 
levels the absolute value of a current is roughly the same. 
Then we can write. 



(29) 



where (O) is a current for an electron with Fermi energy, 
(SN^'j is the mean square fluctuations of the electron number 
in the ring: 

{6N^) = ^ 6N^m = 2 /o(e„)[l - foie.,)] ■ (30) 

n n 

Therefore, for rings with fixed chemical potential, either clean 
or with disorder, the thermal current fluctuations are due to 
fluctuations of the number of particles. In contrast, for rings 
with fixed number of particles, for which we can use Eqs. ( l24b . 
dZSl l. the current fluctuations are due to transitions of an en- 
tire electronic system between levels supporting different cur- 
rents. 

Below we illustrate this general consideration with some 
simple examples. We start with a ballistic ring model. 



B. Ballistic ring with fixed number of electrons 

To clarify the effect of temperature as much as possible, 
we analyze the simplest model, which includes No spinless 
non-interacting ballistic electrons confined in a \D ring. This 
system is coupled to a thermal reservoir with temperature T, 
while the particle exchange is forbidden. To describe this 
model we use the Lagrangian Ln, Eq. (|2|, with Gp - 6a- = 0, 
and the Lagrangian Lab, Eq. Q, without the spin current, 
ja- - and with kjp - 2k j. The topological number is kj - 
if A^o is odd and is kj - 1 if A^o is even. The twisted boundary 
condition reads: 



1 



0(t + k2/3, X + kiL) 



1 



0(T,x) + k2ne, (31) 



where ki, ki, and ne all are integers. The extremal trajectories 
obeying this boundary condition, 0^-"{t, x) = ^/7^ngT//3, define 
the magnetic-flux dependent factor of the partition function 

Z(<1)). For odd it is 2(0)) = 03 (^(pAs, ^ j-^ For even 

A^o we should replace ipAs — > 'Pab + 1 /2. Using the Poisson 
summation formula one can rewrite Z(<S>) as followsr^ 



k=-oo 



(32) 



£^((D) = AF\k+ — + — mod 1 



Here ^^(O) is the spectrum of the system of A^o (non- 
interacting and spinless) electrons in the ring. It is easy to 
see, that Eq. ( |32] | is not changed under the magnetic flux re- 
versal, O — > - O. Therefore, the partition function, hence the 
free energy, is an even function of O. 

Calculating the relevant free energy, F(^) - -kBT lnZ(^), 
and the persistent current /(O) = -dF((t>)/d^, we can see that 
Eq. ( |23] ) holds. After simple transformations one can get;^ 



2nkBT 
(Do 



sin (27r;«-^ I 



(33) 



Changing A^o by 1 is equivalent to changing <1) by Oq- This is 
a manifestation of the parity effect mentioned above. 

At zero temperature the system is in its ground state which 
has energy £0 at O = 0. In the ground state we have wq = 1 
and Wk = Q for A: 9^ 0. At non-zero temperature the system is 
excited to higher states, 0. Therefore, at non-zero tem- 
perature many states do contribute to the current. This leads to 
persistent currents fluctuations that can be understood as fol- 
lows. The probability w/i characterizes how long on average 
the system stays in the state with energy Ek. While in this state 
there is a current 4 flowing in the ring. After (on average) the 
time period - Cw^^ the system jumps into another state, 
say, with energy Ek' and the circulating current changes to h'. 
Due to these changes the current does fluctuate. These are 
classical (or quasistationary in terminology of Ref. 39) fluctu- 
ations. Since the persistent current is quantum, we conclude 
that the fluctuations under discussion are classical (quasista- 
tionary) fluctuations of the quantum quantity. 

Note that the proportionality factor C defining the scale of 
time depends crucially on the strength of coupling between 
the ring and the thermal reservoir. With increasing coupling, 
when Tk becomes comparable with the time of a single turn 
around the ring, this classical approach should fail and the 
fluctuations should be treated quantum-mechanically. 

For a ballistic ring with fixed number of electrons we use 
the spectrum Eki*^) given in Eq. ( |32] | and find: 



{6f) = kBT 



( dim 2Af 



(34) 



/ 



The mean square current fluctuations is given in Fig. [3]for 
different temperatures. At low temperatures, a blue dash- 
dotted line in Fig. [3] the fluctuations depend on a magnetic 
flux. Their maximal value agrees with Eq. (2l[ . While with 
increasing temperature fluctuations become insensitive to a 
magnetic flux. In particular at T » ^f/^^, when the per- 
sistent current vanishes, /(O) x 0, the equation ( l34b leads to a 
Unear in temperature mean square fluctuations: 



(35) 



Interestingly, this result is also valid for a ballistic ring in the 
grand canonical case.— 
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FIG. 3: (Color online) Mean square fluctuations of the persistent cur- 
rent in the ballistic ring {sP^ in units of 1^ = (evf/L)^ as a function 
of the magnetic flux O. The temperature is kgT = Af (black solid 
line), 0.5A/r (red dashed line), 0.1 A/r (blue dash-dotted line). The 
number of particle in the ring is odd. 



The persistent current fluctuations in ballistic rings, Fig.[3j 
show several rather counter-intuitive properties: (i) insensitiv- 
ity to a magnetic flux at high temperatures and (ii) enhanc- 
ing of the magnitude of mean square fluctuations at half of 
the magnetic flux quantum where the current vanishes. These 
properties are a consequence of a direct level crossing inher- 
ent to a ballistic model. Any small disorder would open gap at 
level crossings leading to vanishing of the fluctuations at both 
= and O = Oo/2. To illustrate it we consider the next 
model. 



C. Single impurity in the ballistic ring with fixed chemical 
potential 

Let a single point impurity with a potential U (x) = gS(x) is 
embedded into a one-dimensional ballistic ring of a length L 
with spinless non-interacting electrons coupled to a bath with 
temperature T and chemical potential yu. The eigenvalue equa- 
tion for an electron wave vector k is (see, e.g., Ref.|7|): 



cos|2.|-) = ^r(^^P^ 



(36) 



where t - ifiv/(itiv - g) (with v = M/nie a velocity) is a trans- 
mission coefficient through the potential U(x). For a strong 
potential, |f| <s; 1 we find a single-electron spectrum: 



Here n = 1, 2, ... is an integer, (3(|fp) denotes small terms of 
order |fp and higher. 

Using Eq. ([37j in Eq. (|28T l we calculate the mean square 
current fluctuations in the ring with impurity (for jj » 



AF,kBTy. 



/j|r,|' sin'- |2i^-) 

^ Sn^ksT -yi q cos (IqkfL) 
[ ^^^^stnh(,-^)J 



(38) 



where the lower index F denotes quantities calculated at the 
Fermi energy, (<5A^^^ is a mean square fluctuations of the num- 
ber of electrons in the ring. We stress here Af is a level spac- 
ing near the Fermi energy in the similar but ballistic ring. The 
level spacing in the ring with strong potential, \tf \ <K 1, is two 
times smaller. 

At high temperatures, » Af/{4n^), we have (^6N^^ =s 
27/ Af and the fluctuations grow linearly with temperature. 
However in contrast to the ballistic case, Eq. dSSl l. now, see 
Eq. (|38] ). the fluctuations vanish at <t) = 0, <l'o/2 simultane- 
ously with the vanishing of the persistent current. 

To illustrate a crossover to the ballistic case we solve 
Eq. ( |36] | at arbitrary transmission amplitude f and get a spec- 
trum close to the Fermi energy: 



Af_ 
2np 



|ff|cos|2;r^] 



27r 



27r 



(39) 



where n is chosen to be positive. Of the phase of the transmis- 
sion amplitude: tf - \tf \ e'"'', nf the serial number of the level 
closest to the Fermi level. 

Then, using Eq. ( |29] l, we calculate the persistent current 
fluctuations at high temperatures, see Fig. HI 



2.5 
2.0 
1.5 



lO "10 
V 



0.5 
0.0 







• 1 


/ \\ 


IV- M 

V ^' 

1 ' 



0.0 



0.5 



1.0 

*(*o) 



1.5 



2.0 



FIG. 4: (Color online) Mean square fluctuations of the persistent 
current in the ring with impurity (i5/^^, Eq. l |40i l, at a high temperature 
kgT = Af as a function of the magnetic flux O at different strengths 
of the reflecting potential. The reflection coefficient is /? = 0.01 
(black solid line), 0.05 (red dashed line), 0.2 (blue dash-dotted line). 
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This equation reproduces both the ballistic case at \tf\ - 1, 
Eq. (|35] |. and the case with a single strong impurity at \tf\ 1, 
Eq. ( [38] ) at high temperatures. 

So, from Fig. |4] one can see that the presence of even a 
weakly reflecting potential (|ff | <s; 1) removes the counter- 
intuitive features characteristic for the persistent current fluc- 
tuations in purely ballistic rings. 

IV. CONCLUSION 

Using a simple model, a one-dimensional ballistic ring with 
non-interacting electrons, we have shown several generic fluc- 
tuation effects. We have considered effects of a high magnetic 
field and a high temperature on persistent currents. 

With increasing magnetic field the Zeeman splitting leads 
to crossing of levels corresponding to electrons with opposite 
spins. For an equidistant spectrum such crossing occurs peri- 
odically in magnetic field with period dictated by the level 
spacing for the ballistic ring. At these particular magnetic 
fields the number of spin excitations in the ring fluctuates. As 



a result the first harmonics of the persistent current becomes 
suppressed, hence the period of a current as a function of the 
Aharonov-Bohm flux through the ring's opening is halved. At 
finite temperatures the magnitude of the second harmonics is 
generally smaller than the magnitude of the first one. There- 
fore, the period halving is accompanied by current quenching, 
see Fig. |2] 

With increasing temperature more and more excited energy 
levels in the ring are involved, hence the phase space accessi- 
ble for an electron system is increased. This results in a finite 
time spent by the system at some particular energy level, i.e., 
the position of a system in phase space fluctuates. These fluc- 
tuations, first, affect the magnitude of the persistent current 
and, second, lead to fluctuations of the persistent current. At 
high temperatures the magnitude of a current is exponentially 
suppressed. However, the mean square current fluctuations 
in the presence of the Aharonov-Bohm magnetic flux grows 
linearly with temperature. The existence of persistent current 
temporal fluctuations indicates that the system remains phase- 
coherent. 
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